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1. Introduction 

As Poincare [P] perhaps was the first to reahze, a real hypersurface M in C^, 
when N > 2, has non-trivial local invariants under biholomorphic transformations 
of near a distinguished point po e M. To understand the biholomorphic equiv- 
alence class of (M, Po)) i-G- the class consisting of those real hypersurfaces M' C C''^ 
with distinguished points Pq G M' that are locally equivalent to (M, po) under some 
germ of a biholomorphic transformation, is a fundamental problem. It is well un- 
derstood in the case where M is real analytic and Levi nondegenerate at po. The 
solutions are due to Cartan [C1-C2] in the case N = 2, and to Chern and Moser 
[CM] in the case of general N. Important contributions were also made by Tanaka 
[T1-T2]; see also [BS]. 

In contrast to the situation where M is Levi nondegenerate at po, very little 
is known at Levi degenerate points. We should mention though that Webster, in 
[W], studied the equivalence under holomorphic contact transformations (a larger 
class of transformations than that of biholomorphic ones) of real hypersurfaces at 
Levi degenerate points; under such transformations, e.g., all Levi nondegenerate 
real hypersurfaces are equivalent. In the present paper, we shall consider real- 
analytic hypersurfaces in at Levi degenerate points of a certain kind. Together 
with the results of Chern-Moser, the results obtained here yield a fairly complete 
understanding of the biholomorphic equivalence problem at generic points on real- 
analytic hypersurfaces in C"^. 

In [CM] , two solutions of the biholomorphic equivalence problem for Levi nonde- 
generate hypersurfaces are given: an intrinsic solution in terms of classical objects 
of differential geometry and an extrinsic solution in terms of a normal form for 
M at Po- The extrinsic approach, which is also the approach taken in this paper, 
amounts to explicitly defining a class of real hypersurfaces A/" at e such that 
M can be transformed to one of the surfaces in A/" by a biholomorphic transforma- 
tion Z' — H{Z) near po. Moreover, this transformation should be unique, given 
that a finite dimensional choice of normalization conditions (which in the Levi non- 
degenerate case can be identified with a choice of element in a classical group of 
rational transformations) for H are made. Having defined such a normal form, one 
obtains the following answer to the biholomorphic equivalence problem: 

Two germs (M, po) cind (M'.Pq) of hypersurfaces are biholomorphically equiva- 
lent (i.e. there is a germ at po of a biholomorphic transformation Z' — H{Z) such 
that H{po) = Pq and H{M) C M') if and only if for two (possibly different) choices 
of normalizations they can be brought to the same normal form. 

The results that we obtain in this paper can be described as follows. We consider 
the class of real-analytic hypersurfaces M in C"^ that are 2-nondegenerate (see §2 
for the definition) at a distinguished point po. We first obtain a partial normal 
form for M at po (Theorem A in §3) prescribing the lowest order terms (i.e. the 
data associated with 2-nondegeneracy) in the defining equation of M. This divides 
the class of 2-nondcgcnerate hypersurfaces into 8 different types, called (A.i.1-3), 
(A.ii.1-5) in Theorem A. Moreover, the types (A.ii.l) and (A.ii.3-5) come with 
one or two non-trivial invariants. We then obtain a complete, but formal, normal 
form, i.e. we obtain a class of formal hypersurfaces such that M can be transformed 
into one of these by a formal invertible transformation which is unique with a finite 
dimensional choice of normalization, for three of these types (A.i.1-3); see Theorem 

TD ;„ CO rri,;„ ;™„i; — j. , — ™„ I' i\/r „ \ ] I' i\/r/ „/ ^ „f j- / A ; i o^ 
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formally equivalent if and only if for two choices of normalizations the two can be 
brought to the same formal normal form. Now, in view of a theorem from [BER3] 
(see also §2), any formal invertible transformation taking a real-analytic, finitely 
nondegenerate hypersurface M into another such hypersurface M' is biholomorphic 
and, hence, formal equivalence of finitely nondegenerate hypersurfaces is the same 
as biholomorphic equivalence. 

As we mentioned above, these results together with the results from [CM] give 
a fairly complete understanding of the biholomorphic equivalence problem for real- 
analytic hypersurfaces in C"^ at generic points, because a real-analytic hypersurface 
M in is at a generic point p & M either (a) locally of the form M x C, M C C^, 
in a neighborhood of p, (b) 2-nondegenerate with one non-zero eigenvalue of the 
Levi form, or (c) Levi nondegenerate. (This will be further explained in §2). If M 
is foliated by complex curves as described in (a), then one may reduce the biholo- 
morphic equivalence problem to one for hypersurfaces in where the problem is 
well understood (again, at generic points). If M is 2-nondegenerate ai p E M with 
one non-zero eigenvalue of the Levi form at that point, then M is of one of the 
types (A.i.1-3); in fact, we show (Theorem 4.2.8) that if M is 2-nondegenerate at 
generic points (which implies that M is everywhere Levi degenerate) , then M is of 
type (A.i.2) at every 2-nondegenerate point. Finally, if M is Levi nondegenerate at 
p e M, then the Chern-Moser theory applies. 

In §4, we discuss a few applications of the results in §3. We compute two invari- 
ants of fourth order for a real hypersurface of type (A.i.2) and consider holomorphi- 
cally nondegenerate, but everywhere Levi degenerate, real-analytic hypersurfaces. 
We also discuss a few examples in this section, such as e.g. Freeman's example [F] 
of an everywhere Levi degenerate hypersurface which is not foliated by complex 
curves. 

2. Finite nondegeneracy and holomorphic nondegeneracy 

Let M be a real-analytic hypersurface in C"^ and let po e M. Following Stanton 
[S] , we say that M is holomorphically nondegenerate at pq if there is no germ at pq 
of a holomorphic vector field 



where the ak{Z) are germs at po of holomorphic functions, such that X is tangent 
to M near pq. If p{Z, Z) = is a local defining equation for M near poi then we 
say that M is finitely nondegenerate at po if there is a positive integer k such that 



(2.1) 




(2.2) 



span{L"pz{po,Po): \a\ < k} = C 



here, Li, . . . ,Ln-i is a basis for the CR vector fields of M near pq, 



ajv-l 
'7V-1 ' 



and pz denotes the holomorphic gradient dp/dZ. This notion is independent of 
the choice of defining function, the choice of basis for the CR vector fields, and 
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a biholomorphic (and formal) invariant and we say, more precisely, that M is k- 
nondegenerate at po if k is the smallest integer for which (2.2) holds. As is easy to 
verify, M is Levi nondegenerate at po if and only if M is 1-nondegenerate at po. 

Some of the main facts (whose proofs can be found in e.g. [BERl], where gener- 
alizations to higher codimensional CR manifolds also can be found) that we shall 
need about these notions can be summarized in the following proposition. 

Proposition 2.3. Let M C be a connected real-analytic hypersurface. The 

following are equivalent. 

(i) There exists pi e M such that M is holomorphically nondegenerate at pi. 

(ii) M is holomorphically nondegenerate at every point p e M. 

(iii) There exists pi E M such that M is finitely nondegenerate at pi . 

(iv) There exists a proper real-analytic subset V of M and an integer £ — £{M), 
with 1 < i < N — 1, such that M is £ -nondegenerate at every p & M \ V . 

We say that a connected real-analytic hypersurface is holomorphically nonde- 
generate if it is so at one point (and hence at all points). If M is holomorphically 
nondegenerate, then the number £{M) provided by Proposition 2.3 (iv) is called 
the Levi number of M. 

Before we turn to a discussion of real-analytic hypersurfaces in C"^, we wish to 
state two general results concerning transformations between finitely nondegenerate 
hypersurfaces in C^. The first result (from [BER3]) will not be used in this paper, 
but it explains why finitely nondegenerate hypersurfaces seem to the right class 
of hypersurfaces for which one can hope to obtain a normal form. Recall that we 
would like the transformation of a germ {M,po) to normal form to be essentially 
unique (at least up to a finite dimensional normalization), and a transformation 
up to normal form can only be unique up to transformations preserving {M,pq) 
(the stability group). It is not difficult to see that the stability group of a holo- 
morphically degenerate hypersurface at a generic point is infinite dimensional (in 
fact, this is true at every point; see [BER2]). In contrast, we have the following 
result from [BER3] (cf. also [BER2]) for finitely nondegenerate hypersurfaces. We 
denote by Aut(M,7?o) the stability group of M at po, i.e. the group of germs at po 
of biholomorphic transformations preserving the germ {M,po), equipped with its 
natural inductive limit topology. 

Theorem 2.4 ([BER3]). Let M C C-^ be a real-analytic hypersurface that is 
finitely nondegenerate at po e M. Then the stability group Aut(M,po) is a finite 
dimensional Lie group. 

Remark. The arguments in [BER2-3] also give a bound on the dimension of 
Aut(M, Po) in terms of the complex dimension of the ambient space and k, the 
order of finite nondegeneracy of M at po- In the special case of a 2-nondegenerate 
hypersurface in C^, this bound is dimRAut(M,po) < 102. A consequence of Theo- 
rem B of the present paper is an improved bound on this dimension in case M is 
of either of the types (A.i.1-3) as described by Theorem A. 

Another result, which will be important in this paper, is the following result from 
[BER3] that, as we explained in the introduction, reduces the problem of biholomor- 
phic equivalence of two germs (M, po) and (M',Pq) to that of formal equivalence. 

AT J- 1„ „f C ™„1 ; ;„ '7 ZJI^ '7^ ( TJ ( '7\ TJ I '7^^ 
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is a formal equivalence between (M, 0) and (M', 0) in C"'^ (with the obvious gen- 
eralization to general points po E M and Pq G M') if H{Z) has no constant term, 
H(Z) is invertiblc (i.e. the linear part of H{Z) is invertible), and if there is a formal 



where p(Z, Z) = is a defining equation for M at and p'{Z,Z) = is a defining 
equation of M' at 0. 

Theorem 2.6 ([BER3]). Let M and M' he real analytic hypersurfaces in 
that are finitely nondegenerate at po E M and p'q G M' , respectively. If H{Z) is 
a formal equivalence between (M, po) cind (M',Pq), then H{Z) is convergent i.e. 
there is a hiholomorphic equivalence between {M,po) and {M',Pq) whose power 
series coincides with H{Z). 

Let us conclude this section with a discussion of hypersurfaces in and C^. 
In C^, a real-analytic hypersurface is either holomorphically degenerate or Levi 
nondegenerate at all points outside a proper real-analytic subset. If M C 
is holomorphically degenerate, then it is in fact locally biholomorphic to a real 
hyperplane (this is not difficult to see). Thus, in every real-analytic hypersurface 
is either biholomorphic to a real hyperplane or Levi-nondegenerate at generic points 
(and thus covered by the Cartan-Chern-Moser theory at such points). 

However, already in the situation is a little more complicated. If M C 
is holomorphically degenerate, then at every point po E M there is a holomorphic 
vector field X of the form (2.1) near po that is tangent to M. Outside a proper 
real-analytic subset V of M near po, the vector field X is nonsingular (i.e. at least 
one of the coefficients is non-zero). At such a point pi G M \ V, it follows from 
the Frobenius theorem that M is foliated by complex curves and it is possible 
to choose coordinates near pi such that M is given locally as M x C, for some 
M C C^. Thus, at generic points on a holomorphically degenerate hypersurface 
in the biholomorphic equivalence problem may be reduced to the problem in 
C^. If M C is holomorphically nondegenerate, then it is at generic points 
either Levi nondegenerate, in which case it is covered by Chern-Moser theory, or 
it is 2-nondegenerate. Hence, there is a gap between those hypersurfaces that 
can be studied by Chern-Moser theory at generic points and those for which the 
biholomorphic equivalence problem at generic points can be reduced to a lower 
dimensional problem. This observation was the original motivation for the present 
work. 

As will be further discussed in the following sections, a real-analytic hypersurface 
M in C"^ can a priori be 2-nondegenerate at a point po E M in two different ways: 
the Levi form of M at po has (i) one zero and one non-zero eigenvalue or (ii) 
both eigenvalues of the Levi form are zero. A moments reffection will convince the 
reader that outside a proper real-analytic subset of M, the Levi form has at least 
one non-zero eigenvalue because if both eigenvalues of the Levi form were zero on an 
open subset of M then M would be locally biholomorphic to a real hyperplane and 
thus, in particular, holomorphically degenerate. A closer analysis shows that the 
situation (i) occurs in essentially three different ways (A.i.1-3), and the situation 
(ii) in 5 different ways (A.ii.1-5), as we shall see in Theorem A. On the other hand, 
as we shall prove in Theorem 4.2.8, if M is everywhere Levi degenerate, then at a 
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3. Normal forms and biholomorphic equivalence - the main results 

Let M be a real-analytic hypersurface in and let po E M he a, point at 
which M is 2-nondegenerate. We may choose coordinates w) = (-^1,-^2, u)) G C^, 
vanishing at po, such that M is described locally near = by the equation 

Im w — (f){z, z, Re w), 

where (f){z, z, s) is a real-analytic function with 0(0, 0, 0) = and (i0(O, 0, 0) 7^ 0. 
Our first result describes a partial normal form for (M,po)- 

Theorem A. Let M he a real-analytic hypersurface in and assume that M is 2- 
nondegenerate at po e M. Then {M,pq) is hiholomorphically equivalent to (M', 0), 
where M' is a real-analytic hypersurface of one the following model forms. 

(i) If the Levi form of M at po has precisely one non-zero eigenvalue, then M' 
is one of the following: 

(A.i.l) Imw= \zi\'^ + \Z2\'^{Z2 + Z2) + 7(^1^2 + zlz2) + 0{\z\'^ + |Re w\\z\'^), 
where 7 = 0, 1; 

(A.i.2) Im w = \zi\^ + {zlz2 + ^1^2) + 0{\z\^ + |Re w\\z\^)- 

(A.i.3) lmw= \zi\^ + \z2\'^{zi + zi) + 0{\z\'^ + |Re w\\z\'^). 

(ii) // the Levi form of M at po is 0, i.e. both eigenvalues of the Levi form are 
zero, then M' is one of the following: 

(A.ii.l) lraw= \zi\^{z2 + ^2) + r{zlz2 + ^12:2) + 0{\z\^ + |Re w\\z\^), 

where r > 0; 

(A.ii.2) Imw= \zi\'^{z2 + Z2) + {zfz2 + zlz2)+i\zi\'^{zi-zi)+0{\z\^ + \Re w\\z\'^y, 

(A.ii.3) Im w = \zif {z2-\-Z2)-\-{zizl-\-ziz1)-\-\z2f {Xz2-\-Xz2)-\-0{\zf-\-\Re w\\zf), 

where A e C, A 7^ 0; 

Im w =\zi\'^{zi -h zi) -\- \z2\'^{z2 + Z2) + {nzlz2 + flzlz2)-\- 
(A.u.4) o o /I o 

{UZ1Z2 -\- PZ1Z2) -\- O^zl"^ -\- |Re w\\z\^), 

where /j,, u E C, /lu ^ 1. 



(A.ii.5) 



Im w =\zi\ (772:1 -h 772:1) -h (2:^2:2 -h 2:12:2)-!- 

(2:1^2 + ^1-^2) + 0{\z\'^ -h |Re w\\z\^), 
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Moreover, all of these models can be taken in regular form (see the next section) 
and then they are mutually non-equivalent, provided that we in (A.ii.4) arrange so 
that > l^l and arg// > argi/, where arg//,argi/ e [0,27r), if = {ly]. 

Remark. The models described in Theorem A need not be in regular form (as 
described in §4) in order to be mutually non-equivalent. In fact, it suffices that the 
remainder in (A.i.1-3) is 0(1^1"^ + |Re + |Re w\'^), or 0(4) in the weighted 

coordinate system where z, z have weight one and Re w has weight two, and that 
the remainder in (A.ii.1-5) is 0(1^1^ + | Re + |Re wp), or 0(4) in the weighted 
coordinate system where z, z have weight one and Re w has weight three. This 
follows from the fact that if the equation for M is in regular form modulo terms 
of weighted degree z/, then the entire equation may be transformed to regular form 
without changing the terms of weighted degree less than u. We refer the reader to 
the forthcoming book [BER4] for a proof of this. 

The proof of Theorem A will be given in §5-8. As our second result, we present 
a complete formal normal form for (M, po) of types (A.i.1-3) above. In order to 
describe this result, we need to introduce some notation. We subject a germ (M, 0), 
of either of the types (A.i.1-3), to a formal invertible transformation 

(3.1) z = f{z',w') , w^g{z',w'), 

where / = (/^, /^), such that the form (A.i.1-3) is preserved. We assign the weight 
one to the variables z = (2:1, 2:2), the weight two to w, and say that a polynomial 
p,y{z, w) is weighted homogeneous of degree v if, for all t > 0, 

(3.2) Pi,{tz, t^w) = fpi.^z, w). 

We shall write 0{v) for terms of weighted degree greater than or equal to v. Simi- 
larly, we speak of weighted homogeneity of degree v and 0{v) for polynomials and 
power series in (2;, 2, Re to), where z is assigned the weight one and Re w the weight 
two. A detailed inspection of the proof of Theorem A (i) (in §6) yields the following. 
We leave the details of this to the reader. 

Proposition 3.3. A transformation (3.1) preserving regular coordinates (see the 
next section) also preserves the form (A.i.1-3) if and only if: 

(1) In the case (A.i.l) with 7 = 1, the mapping is of the form 

f^{z,w) = zi + Dw- 2iDzl + 0(3) 
(3.4) p{z,w) = Z2 + 0{2) 

g{z, w) = w + 2iDziw + (9(4), 

where D E C 

(1') In the case (A.i.l) with 7 = 0, the mapping is of the form 

f\z, w) = C^/^e'^zi + Dw- 2iDe^'^zl + 0(3) 
(3.4') p{z,w)=C'/'z2+0{2) 
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where C >0, 9 eR, D eC. 

(2) In the case (A.i.2), the mapping is of the form 

f\z, w) = C^l'^e^zx +Dw- e^'\2iD + C^''^Ae'^)zl + 0(3) 

(3.5) f (z, w) = Azi + e^''^Z2 + 0{2) 

g(z, w) = Cw + 2iDC^/^e'^ziw + 0(4), 

where C > 0, 6 e R, A, D e C. 

(3) In the case (A.i.3), the mapping is of the form 

f\z, w) = C^/^zi + Dw- 2iDzl + 0(3) 

(3.6) /2(z,«;) = C'VV^2 + 0(2) 

g{z, w) = Cw + 2iDC^''^ziw + 0(4), 

where O > 0, ^ e M, D e C. 
We shall consider formal mappings (3.1) of the following form 

(3.7) (/(z, w)rg{z, w)) = {ToP) {z, w). 
Here, P(^, w) is a polynomial mapping 

(3.8) P{z,w) = {A\zx + Dw + Bzl + qi{z,w),Alzi+Alz2 + q2{z,w),Cw + Eziw), 

where A\, Af, A^, B, D, E E C, C > 0, are such that P{z, w) satisfies the conditions 
(depending on the form of (M, 0)) imposed by Proposition 3.3, gi, g2 are weighted 
homogeneous polynomials such that qi is 0(3) and q2 is 0(2), and T{z,w) is a 
formal mapping 

(3.9) T{z, w) ^ {z + f{z, w),w + g{z, w)), 

where / = (/^,/^), and g are formal power series in {z^w) such that f^ is 0(3), 
is 0(2), and g is 0(4). We shall require that the polynomials qi, and the 
formal series g satisfy additional conditions that will be different depending 

on which of the types (A.i.1-3) the germ (M, 0) is. 

If (M, 0) is of the form (A.i.l) or (A.i.3), then we shall require that the polyno- 
mials qi, q2 in (3.8) are of the form 

(3.10) qi{z,w)^Rziw+ Q2{z,w) = ^ D^z'', 

|/3|=3 \a\=2 

for CjS^Da G C and i? G M, and that the formal series are such that the 

constant terms in the following formal series vanish (the index k below ranges over 
{1,2}, a ranges over multi-indices with \a\ = 2, and P ranges over multi-indices 
with \p\ = 3) 

(3.11) V-,Re^-4^,^. 
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It is straightforward (using ideas similar to those used in the proof of Theorem B in 
§9), and left to the reader, to verify that any formal mapping (3.1) that preserves 
the form (A.i.l) or (A.i.3) of (M, 0) can be factored uniquely according to (3.7) 
with T and P as above. We shall say that a choice of P, as described above, is 
a choice of normalization for the transformations that preserve the forms (A.i.l) 
and (A.i.3), respectively, and that a formal mapping preserving the form has this 
normalization if it is factored according to (3.7) with this P. 

Similarly, if (M, 0) is of the form (A.i.2), then we shall require that the polyno- 
mials qi, q2 in (3.8) are of the form 

qi{z,w) =BiZiw + B2Z2W + ^ Cf3Z^ + ^ Daz'^w+ 

|/3|=3 \a\=2 

(3.12) Eiziw'^ + E2Z2w'^ + Fpz^w + Rziw^ 

|/3|=3 

q2{z, w) =GiZiW + G2Z2W + HxZiW^ + H2Z2w'^ , 

for Bk,Ca, DjS, Eki FpiGk, Hk G C and e K, and that the formal series 
are such that the constant terms in the following formal series vanish (the indices 
J, k below range over {1,2}, a range over multi-indices with \a\ = 2, and /? range 
over multi- indices with = 3) 



g2jj g3j-l gSjl q3 p 



(3.13) 



dzkdw ' dzf^ ' dz'^dw ' dzkdw'^ 
Re 



dzl^dw ' dzidw^ 



Any transformation preserving the form (A.i.2) can be factored uniquely according 
to (3.7) into such a P and such a T. We say that a choice of P, as described above, 
is a choice of normalization for the transformations preserving (A.i.2). 

Now, suppose (M, 0) is of one of the forms (A.i.1-3). We write the equation of 
M near as follows 

(3.14) Im w = \zi\'^ +^3(2;, z) + F{z, z, Re w). 

Here, pz{z, z) is the homogeneous polynomial of degree 3 corresponding to the form 
(A.i.1-3), and F{z, z, Re w) is a real-valued, real-analytic function that is 0(4). In 
what follows, we shall consider F{z^ z, s) as a formal power series 

(3.15) F{z,z,s)= c^pz^z^s^ 

oi,f3,k 

consisting only of terms of weighted degree greater than 3 (here, s is assigned the 
weight two) and subjected to the reality condition 



(3.16) = eg,. 

We shall denote by J-" the space of all such power series. In order to describe the 
normal form we shall need to decompose such a power series F[z, z, s) according to 
type 

(3.17) F{z,z,s) = Y,Fkl{z,z,s), 
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where Fki{z, z, s) is of type (/c, /) i.e. for each ti,t2 > 

(3.18) Fkiihz, t2Z, s) = t\t\Fki{z, z, s). 

In what follows, Fki,Hku and Nki denote formal power series of type (kj). We 
define the space of normal forms Af^ C N"^ C J-', and Af^ C ^ for types (A.i.l), 
(A.i.2) and (A.i.3), respectively, as follows: First, N{z,z,s) is in regular form (see 
the next section for further discussion of this notion) which can be expressed by 

(3.19) N(z,z,s)= Yl Nki{z,z,s). 

min(fe,i)>l 

Moreover, the non-zero terms A^^; satisfy the following conditions. In the cases 
(A.i.l) and (A.i.3), for j = 1,3, 

(3.20) N^2eAfi2 , Ns3eAfi^ 

Nki eUi^ , A; = 1, 2, 3 ... , 

where, for both j = 1, 3, 



(3.21) 



N22 ={-^22: i^22 = zIHq2 + -22-^^02 + -Zl -22 ^1 ^2 -f^OO } 
^33 = {^33 : i^33 = Z2H2Z + 5^^} 

= {F21 : F21 = Z2H20} , 



and furthermore 
(3.22) 



^31 = {^31 : Fsi = Z2HS0 + zizlHio + zizIHqq] 

^31 — {-^31 : -^31 = ^2-H^30 + ZizfHoo + ZizIHiq] , 



(3.23) 



^^32 = {^32 : i^32 = ^?^2^^02 + 4^02 + ^?^2^^01 + ^l^i^ii^oo} 

Ni2 = {F32 ■■ F32 = ziziH^2 + 4Ho2 + zlz2Hoi + zlz2zlHoo} 



(3.24) 
and finally, for /c > 4, 
(3.25) 



^42 = {-^42 : F42 = Z2H40 + zIz2HIq + ZiZ2{z{hIq + Z^HIq)] 
^42 = {-^42 : F42 = Z2H4Q + z\z2Hqq + Z\Z2z\Hiq^ , 



Ar3 f m . m :z zj ^ 
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If (M, 0) instead is of the form (A.i.2), then the terms N^i satisfy the following 

iV44 G 

iV55 e Mi^ 

Nk2 e Af^2, k = 1,2,3..., 

Z2H01 + Z2H01 } 
Z2H20 + ZIZ2H10} 

Z2H21 + zlz2Hooj 
Z2Z2HII} 
Z2H23 + Z2H23} 
Z2H42 + zfz2Hio} 
Z2H52 + 

z|if24 + ziH24 + zfz2zlz2Hoo^ 

Z2H44 + z\zIHq2] 
Z2H45 + Z2H45^ 

Z2Hko} , A; = 4, 5, . . . 

Z2Hki} , A; = 3,4, ... . 

We are now in a position to state the theorem on normal forms for (A.i.1-3). 

Theorem B. Let M be a real-analytic hypersurface in given near e M m one 
of the forms (A.i.A;), for k e {1,2,3}, as defined in Theorem A. Then, given any 

choice of normalization (i.e. a choice of P as described above), there is a unique 
formal transformation (3.1) with this normalization that transforms the defining 
equation (3.14) 0/ (M, 0) to 

(3.28) Im«;' = \z[\^ + p3{z' ,z') + N{z' ,z' ,Re w'), 

where N{z, z, s) G M'^ . 

Remark. As already mentioned in the remark following Theorem 2.4 above, this re- 
sult implies an improved bound on the dimension of the stability group Aut(M, po) 
of a 2-nondegenerate hypersurface M in of either of the types (A.i.1-3). Count- 
ing the number of parameters in the normalizations, we find that in the case (A.i.l) 
with 7 = we have dimuAut(M, po) ^ 17, in the case (A.i.l) with 7 = 1 as well as 
in the case (A.i.3) we have dim]RAut(M, po) < 19, and in the case (A.i.2) we have 
dimMAut(M,po) < 45. 

The proof of Theorem B will be given in §9. Combining Theorem B with Theo- 
rem 2.6 ([BER3]) and Theorem A, we obtain the following. 

Corollary 3.24. Let M and M' be real-analytic hypersurfaces in that are 2- 
nondegenerate and whose Levi forms have one non-zero eigenvalue at po & M and 

p'q G M' , respectively. Then {M,po) and {M',Pq) are biholomorphically equivalent 
if and only if, for two (possibly different) choices of normalization as described in 

Th.pnrpim. R ( M nr,\ and (]\A' nL\ ran. hp hrnnaht tn fh.p Ra.m.p nnrm.a.l fnrm. 



N33^^J'i3 , 

N53 e ^53 , 

(3.26) 

where 



(3.27) 





— 




Fii 




= 


{F21: 


F21 






{F31: 


F31 






{F22 '■ 


F22 






{F33 '■ 


F33 






{F43: 


F43 






{F53: 


F53 






{F44 


■ F44 






{F54: 


F54 






{F55: 


F55 






{Fki: 


Fki 


J^l2 




{Fk2: 


Fk2 
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4. Some applications and examples 

Before turning to the proofs of Theorems A and B, we shaU discuss some ap- 
phcations of these theorems. Therefore, in this section, we shall assume that the 
results of §3 have been proved. 

4.1. Computation of two fourth order invariants. Let M C be a real- 
analytic hypersurface that is 2-nondegenerate at po £ M. We shall assume that 
(M, po) is of the type (A.i.2) (sec Theorem A) and compute two fourth order in- 
variants, corresponding to the Taylor coefficients C22 and 622 in (4- 1-2) below, for 
M at pq. In fact, the invariants will be formal invariants (and then, of course, 
also biholomorphic invariants) so, in what follows, we shall work with formal power 
series and formal transformations. In view of Theorems A and B, we may assume 
that the defining equation of M is 

(4.1.1) Im w = \zi\^ + zlz2 + ^12:2 + N{z,z,Ke w), 

where N e N"^. We write this in the form 

Im w =\zi\'^ + zlz2 + ^12:2 + N'ii{z, z) + Nzi{z, z)-\- 

|^2p(a22klP + 622^1^2 + 622^1^2 + C22|^2P) + . . . , 



(4.1.2) 



where 022, C22 G M, 622 G C, N^i e A^li, and where the dots . . . represent terms 
in the power series that are either 0(5) or that are 0(4) and divisible by Re w. 
We subject M to a formal invertible transformation (3.1) that preserves the nor- 
mal form, i.e. that corresponds to another normalization of the transformation 
to normal form. Thus, the transformed formal hypersurface M' is defined by an 
equation of the form (4.1.1) that can be written in the form (4.1.2), in which the 
corresponding constants and functions are denoted with 's. We obtain the following 
equation for M' in terms of the transformation [f^^ f^,g) 

9-9 =nfT' + {f'?T + Tf)+ 

where the dots . . . this time signify terms that will not influence the constants C22 
and 622- order to compute c'22 and h'221 we shall set tu' = and w' = Q {z', z, 0) in 

(4.1.3) , where w = Q {z' , z' , w') is the complex defining equation of M' as defined 
in §5 below. By using Proposition 5.7 below and the form of A/'fj^, it follows that the 
coefficients of \z2\'^, \z2\'^ziZ2, and \z2\'^ziZ2 in q'{z',z',0) are — 2ic22, —2ib'22, and 
—2ib'22, respectively. By identifying coefficients on both sides of (4.1.3), in which 
we have set w' = and w' = Q {z' , z' , 0), we obtain 

(4.1.4) 0(^22 = C22, Cb'22 = e-2^^(2Ac22 + Ci/2e*^&22), 

where C > 0, ^ G R, and A e D are as in Proposition 3.3. (A similar argument 
will be needed in the proof of Theorem A and explained in more detail there; we 
leave the details of the present identification to the reader). Defining 



(4.1.5) sgn {x) = 



\x\ 
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it follows from (4.1.4) that: the integer 622 = sgn (C22) is a formal invariant of M 
and, by choosing C > suitably, we can make C22 = (^22- It also follows from (4.1.4) 
that if ^22 7^ 0, then we can make 622 — 0- ^^e other hand, if ^22 = 0, then 
the property 622 7^ is an invariant. We may therefore define an invariant 622 as 
follows: 622 = if ^22 ^ or if ^22 = and 622 = 0, and 622 = 1 if ^22 = and 
^22 7^ 0. By choosing A, C, and $ suitably, we can make 622 = ^22- Notice that we 
always have ^22 £22 = 0. 

Example 4.1.6. The preceding discussion implies that the following real hyper- 
surfaces are mutually non-equivalent 

1 2 2 — —2 I i4 ^ 

Zi\ + Z1Z2 + Z1Z2 - \Z2\ I 

|2 I 2- 1-2 1 
Zi\ +ZiZ2+ZiZ2\ 

Zil"^ + zfz2 + zfz2 + \Z2\'^{ZIZ2 + Z1Z2)} 
Zif + zfz2 + zfz2 + \Z2\'^} . 

4.2. Everywhere Levi degenerate hypersurfaces. We shall consider real- 
analytic, everywhere Levi degenerate, holomorphically nondcgcncrate hypersurfaces 
in C^. In view of Proposition 2.3, such a hypersurface M is 2-nondegenerate at every 
Po & M \ V, where F is a proper real-analytic subset of M. We assume that the 
results in §3 have been proved and apply these to (M,po) for po e M \ V. First, 
however, let us give a couple of examples of such hypersurfaces. 

Example 4.2.1. (The light cone). Consider the real hypersurface M defined 
as the set of regular points of the cylinder in over the light cone in zR^, i.e. the 
set of regular points of 

(4.2.2) (Im Zi)2 + (Im Zg)^ - (Im Zg)^ = 0. 

All points p E M are equivalent via affine transformations. Let us consider M near 
the point po = (0, i, i). Setting 

(4.2.3) Zi = zi , ^2 = z -I- 2:2 , Zs = i + w, 

we find that M is defined near po, which in the above coordinates corresponds to 
(2;i,2;2,«;) = (0,0,0), by 

(4.2.4) w-w = -2i+ ^(i7^^iI)2T(i^^^i^T2i)2. 

Now, Taylor expanding the square root on the right, making a suitable transfor- 
mation to regular coordinates, and using the arguments in §6, we find that {M,pq) 
(and hence (M, p) for any p G M) can be transformed to a hypersurface in reg- 
ular form that has the partial normal form (A.i.2); we omit the straightforward 
calculations. In particular, it follows that M is 2-nondegenerate (and thus Levi 
degenerate) at every point. 

Example 4.2.5. (Freeman's hypersurface). M. Freeman gives in [F] the fol- 
lowing example of a real hypersurface M in whose Levi form has at least one 
zero eigenvalue at every point: M is the set of regular points of the real cubic 
defined by the equation 

//I o ^;^ /T™ '7 ^3 I /T™ '7 ^3 /T™ '7 ^3 n 



(4.1.7) 



Ml = |lm w 
M2 — {im w 
M3 = |lm w 
= {Im w 
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As remarked in [S], the hypersurface M is holomorphically nondegenerate and 
hence, in view of Proposition 2.3, M is 2-nondegenerate on a dense open subset. 
Since (4.2.6) is independent of Re Z, the germ {M,q), for any q e M, is biholo- 
morphicaUy equivalent to {M,p), where p e M is of the form p = {iXi,iX2,iX3) 
such that Xj e R and 

(4.2.7) Xf + X| - X| = 0. 

A straightforward calculation shows that if Xj = 0, for any j e {1, 2, 3}, then in fact 
both eigenvalues of the Levi form are zero. A closer analysis of the defining equation 
of M shows that M is 3-nondegenerate at such a point. At a point p E M where 
7^ 0, the calculations are more involved. However, using the software 
package Maple for some of the symbolic manipulations, we were able to verify that 
M at such a point is 2-nondegenerate with exactly one non-zero eigenvalue for the 
Levi form and, by following the proof of Theorem A (i) or applying Theorem 4.2.8 
below, that M is of the type (A.i.2) at p. 

The two examples above both have the same partial normal form, (A.i.2), at 
2-nondegenerate points. The reason for that is the following. 

Theorem 4.2.8. Let M (Z be a real- analytic hypersurface and po G M. If M 

is Levi degenerate in an open neighborhood of po and 2-nondegenerate at po, then 
{M,po) is biholomorphically equivalent to (M',0), where M' is of the form (A.i.2) 
as defined in Theorem A. 

Proof. We first prove Theorem 4.2.8 under the additional assumption that the Levi 
form of M at pq has one non-zero eigenvalue. Under this assumption, by Theorem 
A, (M,po) is equivalent to (M',0), where M' is of one of the forms (A.i.1-3). We 
assign the weight one to z and z, and the weight two to w and w. We write the 
defining equation p' = of M' as follows 

(4.2.9) p'{z,w,z,w) = w - w - 2i{\zi\^ + pz{z,z)) + 0{^) = 0, 

where p2{z,z) is a homogeneous polynomial of degree 3 (determined by the form 
(A.i.1-3) of M'), and 0(4) denotes terms of weighted degree 4 and higher. It is 
easy to verify that there is a basis Li, L2 for the CR vector fields on M' near of 
the form 

(4.2.10) , 

where ri and r2 are 0(2) (cf. also (4.2.14) below). We obtain (with Z = {z,w)) 
(4.2.11) 

p'ziZ, Z) ={-Aizr - 2ips,,, {z, z) + 0(3), -2ip3,.. (^, z) + 0(3), 1 + 0{2)) 
Lip'ziZ, Z) = (~4z - 2ip3,z,z-, {z, z) + 0(2), -2zp3,,,,, {z, z) + 0(2), 0(1)) 
L2p'z{Z, Z) = (-2^p3,.l.-, {z, z) + 0(2), -2ip^,,,,, {z, z) + 0(2), 0(1)), 

where we use the notation 

f4.2.12) V?. y.Az,z) — ^^{z,z), V?. y..y.^iz,z) — ^ (z,z), etc. 
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The hypersurface M' is Levi degenerate in an open neighborhood lj C M' of if 
and only if the three vectors in (4.2.11) do not span for {z,w) e oj. Calculating 
the determinant D{z,w,z,w), we obtain 

(4.2.13) D{z, w, z, w) = -8p3,.2.-2 ^) + 0{2). 

From (4.2.13) it follows that a necessary condition for M' to be Levi degenerate in 
an open neighborhood a; of is that 

(4.2.14) ps,,,,,{z,z) = 0. 

A direct calculation shows that M', in this case, must be of the form (A.i.2). This 
completes the proof under the additional assumption that the Levi form of M at 
Po has a non-zero eigenvalue. 

To complete the proof of the theorem, in view of Theorem A, we need only to 
verify that a real-analytic hypersurface M' of one of the forms (A.ii.1-5) cannot be 
Levi degenerate on an open neighborhood of 0. To do this, we assign the weight 
one to z and z, and the weight three to w and w. We write the defining equation 
of such a hypersurface as follows 

(4.2.15) p'{z, w,z,w) =w - w - 2ips{z, z) + 0(4) = 0, 

where P2,{z, z) is a homogeneous polynomial of degree 3 (determined by the form 
(A.ii.1-5) of M'), and 0(4) denotes terms of weighted degree 4 and higher. A similar 
argument (that we leave to the reader) to the one above shows that a necessary 
condititon for M' to be Levi degenerate on an open neighborhood a; of is that 

(4.2.16) P3,zizi {z, ^)P3,Z2«2 ^) - b3,ziZ2 ^) P = 0. 

A direct calculation shows that none of the polynomials ^3(2, z) in (A.ii.1-5) satifies 

(4.2.16) . This completes the proof. □ 

By including the next term in the weighted homogeneous expansion of the defin- 
ing function p'{z,w, z,w) in the calculation above, we would notice that the in- 
variants S22 and 622, introduced in §4.1 above, at a 2-nondegeneratc point of an 
everywhere Levi degenerate hypersurface are necessarily both zero. Indeed, if we 
denote the term of weighted degree 4 by F4{z, z, s), then such a hypersurface must 
have 

(4.2.17) F^,,,,,{z,z,s) = A\z^f. 

Thus, none of the invariants we have computed explicitly can differ for such hyper- 
surfaces. 

For the proofs of Theorems A and B, we need some preliminaries. 

5. Regular coordinates and preliminaries 

We shall say that {z,w) — {zi,Z2,w) are regular coordinates for {M,pq), where 
M is a real-analytic hypersurface in and po E M, if these coordinates vanish at 
Po and M can be described near po = by an equation 
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where (j){z, x, u) is a holomorphic function near (0, 0, 0), real- valued for [z, x, u) = 
{z, z, s) with s e R, such that 

(5.2) (j){0,x.u) = (l){z,0,u) = 0. 

Such coordinates always exist (see e.g. [BJT] or [CM]). The equation (5.1) and the 
hypersurface M are said to be in regular form if (5.2) is satisfied. In the literature 
regular form and regular coordinates are sometimes called normal form and normal 
coordinates, but in this paper we wish to reserve the latter terms for special choices 
of regular form and regular coordinates satisfying additional conditions as explained 
above. 

By writing Im w — {w—w)/2i, Ke w — {w+w)/2, and solving for w in (5.1) using 
the implicit function theorem, we can describe the hypersurface M near po = by 
the complex equation 

(5.3) w = Q{z, 2, tD), 

where <5(-2,X, r) is a holomorphic function near (0,0,0). By complex conjugating 

(5.3) , we find that we may also describe M by 

(5.4) w = Q{z,z,w), 



where we use the notation h{z) = h{z). The fact that the equations (5.3) and (5.4) 
describe a real hypersurface can be expressed by 

(5.5) Q(x,z,Q{z,Xir)) = T. 
Furthermore, equation (5.2) implies the following 

(5.6) g(0,x,T) = g(^,0,T) = T , Q{0,z,w) = Q{x,0,w) = w. 

We shall refer to equations of the form (5.3) and (5.4), where (5.6) holds, as being 
in complex regular form. The following proposition is useful. 

Proposition 5.7. Let M be given in regular form by (5.1) and let (5.4) be a complex 
defining equation of M in complex regular form. Assume that 0(^,^,0) is 0(|2;p). 
(Since (t){z, z, s) is in regular form, we have m > 2.) If we write (f){z, z, s) as 

(5.8) (j){z, z, s) = (j){z, z, 0) + s(j){z, z, s), 
then 

(5.9) Q{z, z, 0) ^ -2^ ' + 0(|.|^-+^). 

1 + z0(2;, z, 0) 

Proof. The function Q{z,z,w) is obtained by solving for w in the equation (5.1). 
If we substitute (5.4) in (5.1) and set w — Q (here and in what follows, we consider 
(z,w,z, w) as independent variables), then we obtain 

(5.10) Q{z, z, 0) = -2i(t){z, z, 0) - iQ{z, z, O)(0(2, z, 0) + 0(\z\^Q{z, z, 0))). 

In the last term on the right, we have used the fact that 0(^, 2", s) is in regular form 
to get the factor \z^ . Since (f){z,z,0) is 0{\z\"^), we may solve for Q{z,z,0) mod 

|^|2m+2 (5JQ)^ rp^g ^gg^i^ (5 □ 
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Corollary 5.11. Let M , (p, Q, and m he as in Proposition 5.7. Then, we have 

(5.12) g(z, 0) = -2i(t){z, z, 0) + 0(|^r+2)_ 

Proof. If (l){z, z, 0) is 0(1^1") then Proposition 5.7 implies 

(5.13) Q{z, z, 0) = -2i(f){z, z, 0) + 0{\z\p), 

where p = min(m + n, 2m + 2). Since (j){z,z,s) is in regular form, n > 2 and 
Corollary 5.11 follows. □ 

In regular coordinates, the following vector fields constitute a basis for the CR 
vector fields on M near 0, 

d d 

(5.14) Lj = — + Q,.{z,z,w)— , j = l,2, 

where, as above, we use the notation 

— _ dQ 

(5.15) Q^.{z,z,w) = —{z,z,w). 

It is easy to check that M is 2-nondegenerate at po = if and only if the following 
5 vectors span 

(5.16) g,,^(0,0,0)= (Q,^,^ (0,0,0), Q,^,^ (0,0,0)) 

(5.17) g,,^(o,o,o) = (g,^,^ (0,0,0), Q,^,^ (0,0,0)) 

(5.18) Q,,.(0,0,0)= (q,^,. (0,0,0), Q,^,. (0,0,0)) 

(5.19) Q,,| (0, 0, 0) = (g,^,. (0, 0, 0) , Q,^,. (0, 0, 0)) 

(5.20) Q,,^,^ (0, 0, 0) = (Q,^,^,^ (0, 0, 0) , Q,^,^,^ (0, 0, 0)) , 

but the vectors (5.16) and (5.17) do not; if (5.16) and (5.17) span, then M is Levi 
nondegenerate (which is the same as 1-nondegenerate) at pq. 

6. Proof of Theorem A (i) 

Let M be a real-analytic hypersurface in which is 2-nondegenerate at po E M 
and whose Levi form at po has exactly one non-zero eigenvalue. The first step is 
the following simple observation, whose proof is elementary and left to the reader: 
We may assume that {zi,Z2,w) are regular coordinates for {M,po) and that the 
defining equation (5.1) of M at po = is of the form 

(6.1) Imw = \zif + 0{\z\^ + |Re w\\zf). 

For the purpose of proving Theorem A, it is more convenient to work with the 
complex equation (5.4), which we write in the following way 

w =w — 2iz\Z\ + zi{aizf + 2biZiZ2 + Ci^|)-|- 
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Here, and in what follows, we shall use the following convention when writing the 
complex defining equation of a real-analytic hypersurface: the dots . . . signify terms 
of degree at least 2 in the unconjugated variables {zi, Z2) and terms of total weight 
at least 4, where we assign the weight 1 to the variables (21,2:2,^1,22) and the 
weight 2 to (w, w) as in §3. In view of Corollary 5.11, this allows us to reconstruct 
the real defining equation of the hypersurface modulo terms of weight at least 4. 
For example, equation (6.2) implies that the real defining equation of M is of the 
form 

T I |2 , I |2«1^1-«1^1 , I |2 2612:2 - 26x22 , Ci2i2| - Ci2i2| 

Im w =\zi\ + \zi\ — h \zi\ \ — h 

Zl Zl Zl 

(6.3) I |2C22;2-C222 , 2 262-^1-262^1 02222^ - a2222i 
1^21 TT- r 1^21 ^r. r 



2i ' ' 2z 2i 

0{\z\^ + \Re w\\z\'^). 

With ai, 02, 6i, 62, ci, C2 G C, this is the most general form of a real equation of the 
type (6.1) in regular form. The 5 vectors (5.16-5.20) become 

(6.4) g,,^(0,0,0) = (-2i,0) 

(6.5) g,,^(0,0,0) = (0,0) 

(6.6) g,,-2(0,0,0) = (2ai,2a2) 

(6.7) Q,,|(0,0,0) = (261,262) 

(6.8) Q,,^,^(0,0,0) = (2ci,2c2). 

Thus, the fact that M is 2-nondegenerate is equivalent to (a2, 62, C2) being different 
from (0, 0, 0). We now make a biholomorphic transformation preserving the origin, 

(6.9) z = f{z',w') , w = g{z',w'), 

such that the new coordinates {z',w') are regular for the transformed hypersurface 
(M', 0). A complex defining equation for the transformed hypersurface is given by 

(6.10) g{z',w') = Q{f{z',w')J{z',w'),g{z',w')). 

It is straightforward to verify that coordinates (2', w') are regular for a hypersur- 
face (M', 0) if and only if for some defining equation (and hence for all defining 
equations) p{z' ,w' ,z' ^w') = it holds that p{z\w' ^^^w') = 0. Thus, {z',w') are 
regular for (M', 0) if and only if the relation 

(6.11) g{z', w') ^ Q{f{z', w')J{0, w'),g{0, w')) 
holds. In particular then, 

(6.12) g{z',w')^w'g{z',w'), 
for some holomorphic function g{z',w'). We shall write 
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where C 7^ is a real number, h{z\w') = w'h{z' ,w'), and /i(0, 0) = 0. We also 
write, for j = 1, 2, 



fj{z', w') =A{z[ + A^z!2 + D^w + B{zI + 2B{ziZ2 + B{zI+ 
0{\z\^ +\w\{\z\ + \w\)), 



(6-14) 



where the determinant 

(6.15) A\Al-AlAl^{). 

We shall show that we can choose A^,, Bi , C, such that the transformed hy- 
persurface (M',0) is of one and only one of the model forms (A.i.1-3). This will 
complete the proof of Theorem A (i). 

For notational brevity, we shall drop the ' on the new coordinates. By substitut- 
ing (6.9) in (6.2), we find the following equation for the transformed hypersurface 
M' 

^ ^ Cw + h =Cw + h- 2z/Ji + hiatjl + 2bjj2 + c^fl)+ 

(6-16) _2 _ _ _2 

/2(a2/i + 262/1/2 + C2/2) + ... , 

where we use the convention /^ = f-^{z^w)^ fi = fi{z,w), etc. We also use the 
notation ... as explained above, i.e. for those terms that have degree at least 2 
in the unconjugated variables (^i, Z2) and terms that have total weight at least 4. 
The new coordinates are regular for the transformed hypersurface M'. We write 
the complex equation of M' in regular form, first as follows 

(6.17) id = q'{z,z,w), 

and then 
(6.18) 

w =w - 2i{riZiZi + r2ZiZ2 + r2ZiZ2 + rzZ2Z2) + zi(a[zj + 2b[ziZ2 + c\zl)+ 
^2(^2^1 + 262^1^2 + 4^2) + • • • , 

We shall identify the coefficients ri, r2, rs, and a'^, 6^, c'l, a2, 62, C2 using the equation 

(6.16) . In order to do this we need to know the linear part of h{z, 0). This part is 
not arbitrary, in view of (6.11). In fact, it follows from that equation that 

(6.19) li{z, 0) = -2iD^{A\zi + A\z2) + O(l^p). 

If we now set = 0, substitute w = Q'{z, z, 0) in (6.16), and use (6.19), we obtain 
the following equations for the new coefficients. The coefficients associated with 
the quadratic part of Q {z, z, 0) are given by 

Cn = \Al\' 

(6.20) Cr2 = AlAl 
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I) 



We want to preserve the quadratic terms and, hence, we need to choose 

(6.21) C>0 , \Al\ = Vc , Al = 0. 

We then get the foUowing equations for the remaining coefficients 

Ca[ =A\{ai{A\f + 2h^A\Al + ci{Alf - 2iB\)+ 
AliaMlf + 2h2A\Al + C2{Alf) + AD^A\ 
Ca'2 ^Al{a2{A\f + 2h2A\Al + C2{Alf) 

(6.22) Ch\ =A\{hiA\Al + ciAlAl ~ 2iBl) + Al{h2A\Al + C2AIA 
C% =Al{h2A\Al+C2AlAl) 
Cc'^ =A\{cMlf - '^iBl) + Al{c2{Alf) 

Cc'^ =Alc2{Alf. 

Since ^ 0, we can make a'l — b'l = c'l = without restricting the A^. further 
by a suitable choice of , , and . 

Now, suppose first that 62 = C2 = 0. Then the new coefficients b'2 and c'2 are 
also 0. It follows that M is not biholomorphically equivalent to either of (A.i.l) 
or (A.i.3). Since M is 2-nondegenerate, a2 must be non-zero. It is then easy to 
see that, by a suitable choice of A\, A2, and C, we can make 02 = —2i. Thus, in 
this case M is biholomorphically equivalent to (A.i.2) and not to either (A.i.l) or 
(A.i.3) . 

Next, suppose C2 = and 62 7^ 0. The coefficient C2 remains and 63 cannot be 
made by a biholomorphic transformation. By a suitable choice of A\, A2, and C, 
we can make 63 — ~i cind, by choosing accordingly, we can make a'2 = 0. Hence, 
we can transform M to the form (A.i.3), but not to either of (A.i.l) or (A.i.2). 

Finally, suppose C2 ^ 0. Then, we cannot make C2 = via a biholomorphic 
transformation. However, by choosing A2 and C such that 

(6.23) -2iC = Al{Alfc2, 

we can make c/2 = —2i. We then make 62 = by choosing A^ = —62^1/02. 
Substituting this in 02, we find 

(6.24) Ca'2 = AlAl^^^, 

C2 

where A^ also satisfies (6.23) and = ^/C. Now, either 6| — a2C2 = 0, in which 
case a'2 — 0, or 6| — a2C2 7^ 0, in which case we can choose the argument of A\ and 
C > such that 02 = —2i. Thus, M can be transformed to the form (A.i.l), where 
7 = 0, 1 is completely determined by 02, 62, C2, and M cannot be transformed to 
(A.i.2) or (A.i.3). This completes the proof of Theorem A (i). 



7. Proof of Theorem A (n); the beginning 
7.1. The setup. Let now M be a real-analytic hypersurface in C"^ which is 2- 



NORMAL FORMS FOR HYPERSURFACES 



21 



section, we let {zi, Z2, w) be regular coordinates for M at po- We write the complex 
defining equation (5.4) of M as follows: 



w =w + ziiaiz-, + 2biZiZ2 + ciZn)+ 

(7.1.1) .2 2x 

Z2[a2Zi + 2b2ZiZ2 + C2Z2) + . . . , 



We use here the same convention as in §3, namely the dots . . . signify terms of 
degree at least 2 in the unconjugated variables (^i, Z2) and terms of total weight at 
least 4. As in §3 we assign the weight 1 to the variables {zi, Z2,zi,Z2), but here we 
assign the weight 3 to {w,w). Equation (5.1) is equivalent to the real equation for 
M at po = being of the form 



I lafli^i-ai^i , I |2 2612:2 - 2612:2 , cizizl - ciziz^ 
Im = 2:1 — \- — h 



2i ' ' 2i 2i 

(7.1.2) I 12C222-C222 I 2262-^1-262^1 a2222i - a2222i 
-^2 TT. r 2:2 — h 



2i ' ' 2i 2i 

0(\z\^ + iRe w\\z\^). 



The first two vectors (5.16-5.17) are now and the 2-nondegeneracy is expressed 
by the fact that 



(7.1.3) g,,-2(0,0,0) = (2ai,2a2) 

(7.1.4) Q,,|(0,0,0) = (261,262) 

(7.1.5) Q,,^,,(0,0,0) = (2ci,2c2). 



span C^. We now make a biholomorphic transformation (6.9) where {f,g) are as 
in §3, i.e. / = (/i, /2) is of the form (6.14) and g is of the form (6.13) satisfying 
(6.10). In this section though, the coefficients and Bj will not enter into the 
equations as we shall sc. Also, a simple scaling argument shows that we may assume 
that C = 1 in (6.13). Subjecting (M, 0) to this transformation we obtain a new 
real-analytic hypersurface (M',0) for which (2:^, 2:3, if') are regular coordinates and 
which is given by the complex equation (6.17). We drop the ' on the coordinates 
and write this equation as 



(7.1.6) 



w —w + zi{aiz\ + 2h'iZiZ2 + c[z2)+ 

^ t ^1 iz2 , cM,t - - , „/ -2\ , 
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A straightforward calculation shows that 

a'l ^A\{ai{A\f + 2hiA\Al + ci{A\f)+ 
Al{a2{A\f +2h2A\Al + C2{Alf) 

4 =A\{aM\f + 2h^A\Al + c^{Alf)+ 
Al{a2{A\f + 2h2A\A\ + C2{A\f) 

b[ =Al{a^AlAl + hi{A\Al + A\AI) + cii?ii)+ 

2/„ II II , I, / II 12 , 12 Il\ , „ 72 a2\ 



(7.1.7) 



6^ =Al{a^A\Al + + A^A^) + ciAIaI) + 

Al{a2A\A\ + 62(^1^2 + AlAl) + csA^A^) 
c'l =A\{aMl? + 261^1^1 + ci(A2)2) + 

Al{a2{A\f + 2h2AlAl + C2{Alf) 
c'2 ^Al{aMl? + 26iI^Ai + cMl?)+ 
A\{a2{A\f^2h2A\Al-rC2{A\f) 

Before we start the proof of Theorem A (ii), we shall make a preliminary reduction. 
Note that the equation for h'2 can be written 

^ =A?(6i|Ai|2 + c^A\Al + 62A^A2 + C2|A2|2) + 

^l(ai|A^|2 + + a2A\A\ + feal^^l')- 

Clearly, we can always choose A\,Al,Al,A2 satisfying (6.15) such that 62 = 0- 
We shall assume that we have already subjected M to such a transformation and, 
consequently, we shall assume in what follows that b2 — 0- 

When we make the transformation (6.9), we will want to keep b'2 = 0. Thus, in 
view of (7.1.8), the transformation must satisfy the following relation 

(7.1.9) AlR{Ai Al, Al Al) + A\S{AI AI, Aj, Aj) = 0, 
where we use the notation 

R(u, U, V, v) =6i|wP + CiUV + C2\v\'^ 

(7.1.10) 2 

S{u,u,v,v) —ai\u\ +biuv + a2uv. 

If Al, A2 are chosen such that 

(7.1.11) R{Al,AlAlAl)y^O, 
then 

2 II '^'(^2) ^2; ^2? ^2) 



(7.1.12) Af = -Ai 



-^(^2' ^2' ^2' ^2) 

We may substitute this into the expression for b'l to obtain 



(7.1.13) b[ = -Al(AlAl-AlAl)- 



NORMAL FORMS FOR HYPERSURFACES 



23 



where 

(7.1.14) P^{Ai A\) = -a2hi{A\f + (aiC2 - a2Ci)A\Al + hiC2{Alf. 
If we assume that yl| 7^ 0, then we may write 

(7.1.15) A\ = CAl 
We then use the notation 

r(C, =\Al\-^R{CAl CAl Al AD = h\C\' + c^C + 

(7.1.16) s(C, =\Al\-^S{CAl ai Al Al) = ailCp + hC + a^C 

Pi(C) ={Al)-^Pi{CAlAl) = -as^iC" + (aiC2 - asc^C + hc2 

so that the relation (7.1.9) becomes 

(7.1.17) Alr{C,0 + A\s{CO = 0. 
and, provided r(C, C) 7^ 0; 

(7.1.18) b[ = -Al{Al)\AlAl - ^l^DjJ^^y 
We introduce the determinants 





Aa6 


= aib2 


- a2h\ = -a2bi 


(7.1.19) 


Abe 


= h\C2 


- 62C1 = 61C2 






= aiC2 


- a2Ci. 



so that the 2-nondegeneracy of M means that at least one of these is non-zero. The 
proof of Theorem A (ii) will be divided into different cases. 

7.2 The case A^c = A^c = 0. In this case, we must have Aab = —02^1 7^ 0. Since 
the vectors (ai, 02) and (61, 0) are linearly dependent, A^c — Aac — implies that 
ci = C2 = 0. Our first claim is the following assertion, which implies that M is not 
biholomorphically equivalent to either of the forms (A.ii.3-5). 

Assertion 7.2.1. 1/62 = 0, A^c = Aac = and Aab = —02^1 7^ then, after any 
biholomorphic transformation (6.9) satisfying (7.1.9), 026^ is non-zero. 

Proof Note first that R{Al,Al,AlAD = Thus, to satisfy (7.1.9), either 

= or (7.1.12) holds. 

Suppose first that Al = 0. Then b[ = lAW^Ajbi and a'^ = {A\)'^Ala2. This 
implies that b'l and a'2 are non-zero, since A^A^ must be non-zero to make (6.9) 
biholomorphic . 

Next, suppose A^ 7^ 0. Then equation (7.1.12) holds, and b'l is given by (7.1.13). 

Since A\ is assumed non-zero and Pi{Al,Al) = -a26l(A^)^ it follows that b[ ^ 0. 
The equation for becomes, with the notation R = R{AlAlAlAl) and S = 

(7.2.2) nL = )-^iA\ia.P.-2h.^\^a.AlP\. 
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Since A\ {A^ has Al as a factor), 03 can only be if 
(7.2.3) (aiAl + a2Al)R-2biAlS = 0. 



We claim this is not possible, because (7.2.3) implies that (6.9) is not biholomorphic. 
To see this, first observe that we cannot achieve (7.2.3) with A2 = unless oi = 0. 
On the other hand, if ai = 0, then A2 = implies A^ = which, in turn, implies 
that (6.9) is not biholomorphic. Thus, we may assume A^ = C^l- The equation 

(7.2.3) becomes 

(7.2.4) (aiC + a2)r(C, C) - '^b^Cs{C, Q = 0. 



A straightforward calculation shows that (7.2.4) is equivalent to 
(7.2.5) C(ai|Cl' + O2C + 26iC)=0 



Now, 

A\Al-AlAl =A\Al (l + C^) 
(7.2.6) =^(r(C,C) + CKC,C)) 

r{C,0 

Thus, if the transformation (6.9) makes 03 = 0, then AlA^ - A\A\ = 0, i.e. (6.9) 
is not biholomorphic. This completes the proof of the assertion. □ 

We shall now show that M is equivalent to either (A.ii.l), for some r > 0, or 
(A.ii.2). For that we need to make 63 — c'l = C2 = and b'l = — i. As mentioned 
above, 63 = if either A] = or (7.1.12) holds. First, let us examine the case 
where A\ ^ Q and, hence, where (7.1.12) holds. It is straightforward to rule out 
the possibility A\ = {), because we cannot make c'^ = 03 = via a biholomorphic 
transformation with A\ = 0. Let us therefore set A2 = C^^. We obtain the 
following equations for 03, 

2 7^ ^2 ^AUAlfiCia^e + 2&1C) + a^e) 

=AUAlf{r{C,0 + Cs{C,Oy, 



the last equality in (7.2.7) follows easily from the expressions (7.1.16) for r and s. 
Thus, if C2 = then r(C, C) + C^iCi C) = 0) since we have already ruled out A2 = 0. 
However, we also have 

(7.2.8) AlAl - A\Al = A\Al f 1 + 



We deduce that we cannot make C3 = by a biholomorphic transformation if 



NORMAL FORMS FOR HYPERSURFACES 

If we choose = 0, then 63 = = C2 = 0. Our next step is to make b[ = — 
With A2 = 0,we have 

(7.2.9) b[ = \A\\Ulbi, 

so b\ = —i is accomphshed by 

(T.2.10) Al = 

Substituting this in the expression for 02, we obtain 

(T.2.n) "^ = <M)'f' 

By choosing the argument of A\ suitably, we can make 
(7.2.12) 4 = -2ri, 

where 

Thus, the number r is uniquely determined by 02 and bi. We also have 

(7.2.14) a[ = A\{A\{aiAl + 2biAl) + A^A^aa), 
or with Al = (Al , 

(7.2.15) a[ = \Al\^Al{ai + 26iC + 02C)- 

We need the following lemma, whose proof is elementary and left to the reader. 
Lemma 7.2.16. The equation L{(,Q = 0, where 

(7.2.17) L(C,C)=oi + 26iC + a2C, 
has a solution if and only if one of the following holds: 

(7.2.18) |a2|^2|6i|, 

(7.2.19) 02 = 2bie'^ and — e*^/^ ^ r_ 
Moreover, if 

(7.2.20) 02 = 2bie'^, 

then the range of e^^/'^L{(X)/(^2 equals 

(7.2.21) L + ilm (^e''/A:xeR\. 
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Writing 02 = 2r6ie*^, with 6 e [0, 27r), and using that the argument of A\ is 
chosen so as to make a'2 = —2ri, we can rewrite (7.2.15) as follows 

(7.2.22) a[ = ±i|vll|3|6i|^^— ^^i^, 

where the plus or minus sign corresponds to which branch of the square root was 
chosen in defining the argument of Al. Now, if the invariant r, defined by (7.2.13) 
above, does not equal 1, then M is not biholomorphically equivalent to (A.ii.2). 
On the other hand, in this case (7.2.18) holds and, hence, L{(,Q has a root. 
Consequently, we can make a[ = and M is equivalent to (A.ii.l) with r defined 
by (7.2.13). 

If the invariant r = 1, then (7.2.20) holds. Assume first that the additional 

condition in (7.2.19) holds. Then a'l is always purely imaginary, in view of Lemma 
7.2.16 and (7.2.22), and it follows that M is not equivalent to (A.ii.2). On the other 
hand, in this case Lemma 7.2.16 also asserts that L{(^,Q has a root. Thus, we can 
make a'l = and M is equivalent to (A.ii.l) with r = 1. 

Finally, if (7.2.20) holds but not the additional condition in (7.2.19), then we 
cannot, in view of Lemma 7.2.16 and (7.2.22), make a[ vanish. Thus, M is not 
equivalent to (A.ii.l). On the other hand, by choosing ( and the modulus of A\ 
appropriately, and the plus or minus sign in (7.2.22) accordingly, we can make 
a'l — —2. It follows that M is equivalent to (A.ii.2). This completes the proof of 
Theorem A (ii) in the case Abe = A^c = 0. 

7.3. The case Aab = A^c = 0. In this case, we must have A^c = biC2 7^ 0. 
As in the previous case, the fact that Aa^ = Aoc = implies that ai — a2 — 0. 
The first step is the following assertion, which shows that M is not equivalent to 
(A.ii.l), (A.ii.2), (A.ii.4), or (A.ii.5). The proof of this is very similar to the proof 
of Assertion 7.2.1 above, and is therefore left to the reader. 

Assertion 7.3.1. 1/62 = 0, Aab = ^ac = and A^c = &1C2 7^ then, after any 
biholomorphic transformation (6.9) satisfying (7.1.9), 6^02 is non-zero. 

We are left with showing that M is equivalent to (A.ii.3) for precisely one choice 
of A e C, A 7^ 0. One possible way of satisfying (7.1.9) would be to choose A^ 
and A2 such that R{Al, A^, A2, A2) = and A\ — 0. However, it is easy to see 
that such a transformation leads to a hypersurface which is not of any of the forms 
(A.ii.1-5). The only alternative in this case is to choose Af according to (7.1.12). 
In order for the transformation to be biholomorphic, we must also choose A]^ 7^ 
and ^2 7^ 0- We wish to make a transformation of this form such that a[ = 03 = 0. 
We set A2 = C^2 substitute (7.1.12) in the equation for 03. We obtain 

4 HAD'Al I C I -26,4^ + c, ( +C2 ^^^^'^"^^ 



r(C,C) Vr(C,C)y J Vr(C,C), 
(7.3.2) ^(^1)2^2 ((^^ ^ ^) _ 25^^>(^, 

(^(C,C))^ 

= - 2haA\fAl-4^ (r(C, c) + C^(C, 0) . 
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Also, as in (7.2.6), we have 

(7.3.3) A\Al - A\A\ = 4^Ar{a) + C^CC))- 

It follows that the only way to obtain a'2 = 0, via a biholomorphic transformation 
of the form considered here, is to choose C = 0, i.e. A\ = 0. This in turn forces 
A\ — 0, since s(0, 0) = 0. Moreover, A\ — Q implies a'l — 0. We are left with the 
following equations 

h[ =\A\\''Alhi 

(7.3.4) c'l =A\{Alfc^ 

We may choose A\ and A2 such that b'l — —i and c'l = —2i. In doing so, we 
obtain C2 = — 2zA, where A = 26iC2/|cip. Thus, M is equivalent to (A.ii.3), where 
A e C, A 0, is uniquely determined by bi, ci, and C2. This completes the proof 
of Theorem A (ii) in the case Aat = A^c = 0. 

7.4. The case A^^ = ^bc — 0. In this case, we have A^c 7^ and (61, 62) = (0, 0). 
The following shows that M is not equivalent to any of the forms (A.ii.1-3). 

Assertion 7.4.1. // 61 = 62 = and A^c = aiC2 — a2Ci 7^ then, after any bi- 
holomorphic transformation (6.9) satisfying (7.1.9), (0^,02) 7^ (0) 0) '^'^^ {^ij^2) 
(0,0). 

Proof. We begin by assuming that aiC2 7^ 0. First, let us set A| = 0. In order to 
satisfy (7.1.9) and still have a biholomorphic transformation, we must make A\ = 0. 
It is then easy to check that a[c2 ^ 0. 

Next, let us assume A^ ^ and make i?(^2) ^2) ^i) ^2) = by choosing A^, A^ 
such that 

(7.4.2) ciAl + C2AI = 0. 

In order to satisfy (7.1.9) and still have a biholomorphic transformation, we must 
have A\ — 0, because A2 7^ 0, aiC2 — a2Ci ^ 0, and (7.4.2) imply that 01^42+02^1 ^ 
and ^42 7^ 0. Such a transformation yields a'^ 7^ 0, as is easy to verify. Solving for 
^2 in (7.4.2) and substituting in the expression for C2, we obtain 

(7.4.3) d2 = ^^^^^^{^i<^i-a2C^\ 

C2 

which cannot be made to vanish when A]^ = since the latter implies that A\ 7^ 0. 

Thirdly, let us consider the situation where R{A\, A\, A2, A|) 7^ and the equa- 
tion (7.1.9) is satisfied by choosing Af according to (7.1.12). Setting Al — (A2 and 
substituting (7.1.12) in the equation for 02 we obtain 



r(C,C), 



4^(ciC + C2)(aiC + a2)(r(C, C) + C^(C, 0)- 
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As we have seen above, it is not possible to make r(C, C) + C^iC: C) — by a biholo- 
morphic transformation (see the proofs of Assertion 7.2.1 and 7.3.1). Moreover, 
r(C, C) must be different from 0, which is equivalent to ci( + C2 ^ 0. Hence, to 
make a2 = we must make aiC + a2 = 0. This in turn implies that Q = 0. 
Substituting this in the equation for a'l, we obtain a'l — A\{A\)^ai. The latter 
cannot be made by a biholomorphic transformation. Thus, we cannot make both 
a'l = and a2 = 0. A similar argument shows that we cannot make both c'l = and 
C2 = 0. This concludes the proof of Assertion 7.4.1 under the additional assumption 
that aiC2 7^ 0. If aiC2 = 0, then 02C1 ^ 0. The proof in this case is similar to the 
one above and left to the reader. □ 

Now, to transform M into one of the forms (A.ii.4) or (A.ii.5) we need to make 
b'l — 0, in addition to satifying (7.1.9). We claim that this implies that the only 
possible biholomorphic transformations have either A\ = = or = = 0. 
We shall prove it in the case ai = C2 = 0. The remaining cases are similar and left 
to the reader. Thus, assume ai = C2 = which, in turn, implies a2Ci ^ 0. Then, 
(7.1.9) can be satisfied in three ways, either A| = 0, A2 = 0, or (7.1.12) holds. If 
A2 — 0, then we need to choose A]^ = in order to make b'l — 0. If A2 — 0, then we 
need = to make b\ = 0. If we choose A^ according to (7.1.12), assuming then 
that R{Al,Al,AlAl) ^ 0, then b[ is given by (7.1.13). This cannot be made 
via a biholomorphic transformation, as is easy to verify, since R{A2, A\, A\A\) 7^ 
implies A\A^ 7^ and A]^ = would imply = which is not possible for a 
biholomorphic transformation. This proves the claim above. 

Now, any transformation with A\ — A2 — Q or A\ — A\ = satisfies (7.1.9) and 
makes b'^ = 0. Moreover, for a transformation with A\ = A2 = we obtain 

a[=C2Ai{Aif , a'2 = c^Al{Alf 
c[ = a^AliAlf , c'2 = a,A\{A\f, 

whereas for a transformation with A2 = = 0, we obtain 

a', = a^A\{A\f , a'2 = a,Al{A\f 
^ • • ^ c',=crA\{Alf , c'2 = c,Al{Alf. 

Note that in both cases a'ic'2 and a'2c'i differ from aiC2 and a2Ci, respectively, by a 
non-zero constant. Thus, the properties aiC2 7^ and a2Ci ^ are invariant. 

Suppose first that a2Ci ^ and aiC2 = 0. Since a\C2 = and this property is 
invariant, M is not equivalent to (A.ii.4) for any choices of /U, z/ G C. On the other 
hand, by choosing the appropriate transformation, either A\ = A2 = or A2 = 
Af — 0, and the non-zero coefficients suitably, we can make C2 = 0, a2 — ci — —2i. 
This makes ai = —^ir], where 77 e C is uniquely determined by ai, 02, ci, and C2- 
This proves that M is equivalent to (A.ii.5) for precisely one rj e C 

Suppose next that aiC2 7^ 0. Then M is not equivalent to (A.ii.5) for any 77 G C 
On the other hand, by choosing A2 = Ai = and A\, A| appropriately, we can 
make a'l — C2 — —2i. This makes 02 = —2ia and ci = —2i(3, where a, (3 E C are 
completely determined by ai, 02, ci, and C2- Since a'iC2 — a'2c'i 7^ 0, it is easy to see 
that a(3 ^1. 

However, in this case we could also choose the other type of transformation. 
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As is easy to verify, this makes 02 = —2if3 and ci = — 2zq!, where a and (3 are 
the same numbers as above. Thus, M can be transformed to (A.ii.4) for precisly 
two choices of the pair {fJ.,i'), with fxi' ^ 1, namely (a,/3) and {(3, a). We can 
make the choice unique by requiring, e.g., that > \u\ and arg^u > aigu, where 
arg n, arg u e [0, 2n), if = This completes the proof of Theorem A (ii) in the 
case Aab = ^bc = 0. 

8. Proof of Theorem A (ii); the conclusion 

8.1. Two simple lemmas. We shall keep the notation established in the pre- 
ceeding sections. We start by stating two simple, but useful lemmas. Their validity 
is easy to check and the details are left to the reader. 

Lemma 8.1.1. The following identity holds 

(8.1.2) p^{C) = (aiC + h)r{C, Q - {b^C + ci)s(C, 0- 

Lemma 8.1.3. If (0 is a root ofpi{() such that r{(o,(o) ^ then, with Al chosen 
according to (7.1.12) and A\ = Co^i? following holds 

(8.1.4) AlAl - A\Al = ff {a.C'o + 26iCo + ci). 

We now proceed with the proof of Theorem A. 

8.2. The case Aac = and AatA&c 7^ 0. Since &2 = 0, it follows that 02^1 and 
61C2 are both non-zero. We shall make a biholomorphic transformation such that 
b'l — b2 — 0. This will complete the proof in this case, because the transformed 
hypersurface M' was treated in section 7.4 above. We set 

(8.2.1) Al = ai 

Equation (7.1.9), which is equivalent to 62 = 0, becomes 

(8.2.2) ^Mc,c)+^kc,c) = o. 

If r(C, C) = ^(C)C) = have a common solution then (8.2.2) can be 
satisfied by choosing ( = (q. If they do not, then we satisfy (8.2.2) by 

(8.2.3) Al = -Al'^^'^^ 



r(C,C) 

where ( is any complex number such that r(C, Q 7^ 0. (Equation (8.2.3) is just 
(7.1.12) with Al = CM)- Substituting (8.2.3) in b[ = 0, we obtain (7.1.18). Note 
that in this case 

(8.2.4) p,(^) = 6i(-a2C' + C2) 
and, hence, pi{C) has two distinct roots 

(8.2.5) Ci = ./^ , C2 = 
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Suppose first that one of those roots, say Ci (the other case being similar), is not a 
solution of 

(8.2.6) r(C,C) = 0. 

Then we can make b[ = 62 = by choosing and according to (8.2.1) and 
(8.2.3), respectively, and setting ( = d. We just need to check that this transfor- 
mation is biholomorphic. In view of Lemma 8.1.3, it suffices to check that 

(8.2.7) aiCi + 261C1 + ci 7^ 0. 
Using (8.2.5) and the fact that a2Ci = aiC2, we obtain 



(8.2.8) \C2 J 

= 2(ci + 6iCi). 

Since (i is assumed not to be a solution of (8.2.6), it follows from (8.1.2) that either 
(8.2.7) holds, in which case we are done, or (i is a root of both bi( + ci and aiC + bi, 
i.e. 

(8.2.9) ^ = ^ 
or equivalently 

(8.2.10) bl - aiCi = 0. 

If C,2 is also not a solution of (8.2.6) then we could have chosen C = C2 instead of 
C = Ci ^iid we would be done, since at most one of the points Ci, C,2 can be a root of 
ci + biQ. Thus, we are left with the situation where (8.2.10) holds, and where one 
of the roots Ci, C2 is also a solution of (8.2.6). The identity (8.2.10) implies that 



A simple computation shows that 



(8.2.11) C' = -r = -- . <^ = r = -- 

Oi a\ b\ a\ 



(8.2.12) r(Ci,Ci)=C2 , s(Ci,Ci)= ""'^ 



ai 

so the root which is also a solution of (8.2.6) can only be ^2- It follows from Lemma 
8.1.1 that s(C2, C2) = 0. We can then satisfy (8.2.2) by choosing A\ = (2^2- Setting 

(8.2.13) A\ = tAl 
and substituting in the equation for 6^, we obtain 

6'i ^A\Al{t{aiC2 + 1 + 6i(t + C2) + ci) + 02^2 + C2) 

(8.2.14) =AlAl{C2{ai |tp + bit + a2t) + bi \t\^ + cit + C2) 
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We claim that b[ = ii t = —Ci/bi. To see this, we substitute this value for t in 

(8.2.14) and use (8.2.11) and (8.2.12) to find 

b[ =AlAl f C2 - ^ ^ 

(8.2.15) ^ 

=A\AI — (aiC2 - a2Ci) , 
ai 

and aiC2 — a2Ci = by assumption. 

Next suppose that both roots of pi((^) solve (8.2.6). In view of (8.2.12) above, 
we observe that (8.2.6) and 

(8.2.16) 6i( + ci = 

have no common solutions. Thus, it follows from Lemma 8.1.1 that both roots of 
Pi(C) are common solutions of (8.2.6) and 

(8.2.17) <C,C) = 0. 

We may then satisfy (8.2.2) by choosing e.g. A\ — Ci^i- If we substitute this and 
(8.2.13) in the equation for 6^, we obtain 

(8.2.18) h'^=AlAl{r{t,t))+Cis{t,t)). 

Choosing t = ^2, we obtain h'^ = 0. We need to check that the corresponding 
transformation is biholomorphic. This is clear because 

(8.2.19) AlAl - A\Al = AIaI{C2 - Ci) 

and C2 7^ Ci- This completes the proof in the case where A^c = and AabA^c 7^ 0. 

8.3. The case A^b = and AacA^c ^ 0. As above, it suffices to make a 
biholomorphic transformation such that h'^ = 62 = 0. Now, it follows from the 
assumptions that 02 = and aibiC2 7^ 0. We leave it to the reader to verify that 
a transformation (6.9) with A| = and Ai = —A\ai/bi makes b'l = &2 = 0. The 
parameter A2 can be chosen arbitrarily and the transformation is biholomorphic as 
long as A\Al ^ 0. 

8.4. The case A^c = and Aa^Aac 7^ 0. We shall make a biholomorphic 
transformation such that b[ = 63 = 0- As above, it follows from the assumptions 
that C2 = and a2biCi ^ 0. It is easy to verify that a transformation (6.9) 
with A\ — Q and A\ = —A\ci/bi makes b'l = 62 = 0. Such a transformation is 
biholomorphic as long as A| ^ 0. 

8.5. Last case; AabAacA^c 7^ 0. We have 026102 7^ and at least one of ci, oi 
is non-zero. This time it suffices to make a biholomorphic transformation (6.9), 
satisfying (7.1.9), such that the transformed hypersurface M' falls into one of the 
six categories considered in sections 7.2-7.4 and 8.2-8.4. Thus, it suffices to make 
6; = 0, a'2 = 0, = 0, or (ai, ci) = (0, 0). 

First, let us assume that one root Co of pi(C) is also a solution of (8.2.6). Since 

„ _L c\ — lo o 1 o^ ] T oil A ;„ „ — — „f /o o i '7^ „„ 
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well. Thus, (8.2.6) and (8.2.17) have a common solution (q. As above, this means 
that we may satisfy (7.1.9) by choosing = Co^i) without making any choices of 
Al and Af. We then have 

4 ^AliAjfiCoiaiC^ + 26iCo + ci) + aaCo + ^2) 

(8.5.1) = Al{Alf{r{Co, Co) + Cos{Co, Co)) 
= 0. 

Consequently, we are left with the situation where no root of pi{C) solves (8.2.6). 
Let us denote the roots by Ci, C21 and observe that these two roots need not be 
distinct. Assume first that they are, i.e. Ci (2- We satisfy (7.1.9) by setting 
A2 = C^2 choosing Af according to (8.2.3). The equation for b'l becomes 
(7.1.18), and we can make b[ = by choosing either C = Ci oi' C = C2- We have 
to check that one of these choices makes the transformation biholomorphic. By 
Lemma 8.1.3, this is equivalent to at least one of the roots C15 C2 not being a root 
of 

(8.5.2) ^aiC' + 26iC + ci. 

By comparing the coefficients of pi{C) and P2(C)) we find that pi(C) and P2{C) have 
the same set of roots if and only if 



(8.5.3) 



bf — aiCi = 
aiC2 + a2Ci = 0. 



However, the first equation of (8.5.3) is also equivalent to P2(C) having a double 
root. Since we assumed (i ^ (2, it follows that both of these cannot be roots of 

P2{0- 

Next, assume that pi{C) has a double root. A straightforward calculation shows 
that this happens if and only if 

(8.5.5) (aiC2 - a2C2f + 4a2C26? = 0, 
or equivalently, 

(8.5.6) (aiC2 + a2Ci)^ + 4a2C2(6i - aiCi) = 0. 
The double root is then 

aiC2 - a2C2 



(8.5.7) Co = 



20261 



Now, (8.5.5) implies that Co is also a root of P2{C)- Thus, the transformation 
corresponding to the choice C = Co is not biholomorphic. It follows that we cannot 
make b[ = 0. However, we can make 02 = as follows. 

Assume first that bf — ciiCi = 0, i.e. that P2(C) also has a double root at Co- 
Then a straightforward calculation shows that the transformation corresponding to 

a2 n a2 Al^ lu ] Al r\ ,.;„1J„ „/ n 
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Next, assume that h\ — aiCi ^ 0. Equation (8.5.6) implies then that aiC2+a2Ci ^ 
0. The equation for a'2 becomes 
(8.5.8) 



= — \- ca ^ + rj.o + no ^ 



= -77T^((«iC + a2)r(C, C)' - 26iCr(C, C)^(C, + (ciC + C2).(C, C)') 

^(C, C)^ 
Al{A\f 



(».C>.)(.(C,C)-fg)%(.C>.-Jl^)KCO 



Now, we solve for in (8.5.5) and obtain the following 

C1C + C2 4a2C2(ciC + C2) 

_ 4a2C2(aiC + a2)(ciC + C2) + (aiC2 - a2Ci)^C^ 
(8.5.9) " 4a2C2(ciC + C2) _ 

_ (01C2 - 02C1) C + 4a2C2(aiC2 + a2Ci)C + 4a2C2 

4a2C2(ciC + C2) 
_ ((aiC2 + a2Ci)C + 2a2C2)^ 
4a2C2(ciC + C2) 

Moreover, using (7.1.16) and (8.5.6), we obtain 
(8.5.10) 

^(C, - ^^KC, C) = ailCp + hC + a^C - ^^(6i|CP + ciC + C2) 

ClC + C2 CiC + C2 

(aici - 6?)C|CP + (aiC2 + a2Ci)|CP + a2C2C 



ClC + C2 

+ Q2C1) ^2 _^ ^^^^^ _^ a2C2)C + a2C2 ) 

C1C + C2 V 4a2C2 / 

((aiC2 + a2Ci)C + 2a2C2)^. 



4a2C2(ciC + C2) 



If we combine (8.5.9) and (8.5.10), then we get 
(8.5.11) 

Al{A\f{{aiC2 + a2Ci)C + 2a2C2f [ C{{aiC2 + a2Ci)C + 20202)^ 



4a2C2(ciC + C2)r(C,C)' V 4a2C2 +^(C'C)^ 

Consequently, if ^1 is the solution of 
(8.5.12) (aiC2 + a2Ci)C + 2a2C2 = 0, 

and Ci is not a solution of ciC + C2 = or (8.2.6), then the transformation that 
corresponds to the choice C = Ci makes a'2 = 0. The first condition is easy to check, 

8.5.13) ciCi+co = co 9^0 
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Furthermore, Ci cannot be a solution of (8.2.6), in view of (8.5.10). If it were, then 
(i would also be a solution of (8.2.17). Lemma 8.1.1, in turn, would then imply- 
that (i is a root of pi{C)- This is not possible, since we assumed that no root of 

piiC) solves (8.2.6). 

In order to conclude the proof of Theorem A (ii), we need to check that the 
transformation corresponding to = (^i is biholomorphic. A simple computation, 
using (8.5.10), shows that 

(8.5.14) AlAl - A\A\ = Hlf-^^^^ ^ 0. 

ClCl + C2 

This completes the proof of Theorem A. 



9. Proof of Theorem B 

9.1. The setup. Following [CM], we shall reduce the proof to a problem of 
describing the kernel and range of a certain linear operator. We assume that M is 
a hypersurface in of the form (A.i./c), where k is 1, 2, or 3. We write the defining 
equation of M at as in (3.14). We subject M to a formal transformation 

(9.1.1) z' = f{z,w) , w' = giz,w), 

where / = (/^, /^), that preserves the form of M modulo terms of weighted degree 
at least 4, i.e. the transformed hypersurface M' is given by a defining equation of 
the form 

(9.1.2) Im w' = Iz'-i^l"^ +p3{z',z') + F'{z',z',Re w'), 

where F'{z',z',s') contains terms of weighted degree greater than or equal to 4. 
We also require that the new coordinates are regular for M', i.e. that 

(9.1.3) g{z,w) = Q' (/>,«;), 7(0, «;),i(0,«;)) , 

where w' = Q'{z' , z' , w') is a complex defining equation of M' at as in §5. Thus, 
/ and g are subjected to the restrictions imposed by Proposition 3.3. As mentioned 
in §3, the most general transformation of this kind can be factored uniquely as 

(9.1.4) (/>,«;), ^(^,«;)) = {T o P){z,w), 

where P and T described in 53. 

To prove Theorem B, it suffices to prove that there is a unique transformation 

(9.1.5) T{z,w) = ifiz,w),g{z,w)) = {z + f{z,w),w + giz,w)) 

to normal form (i.e. such that the transformed hypersurface M' is defined by (9.1.2) 
with F' e Af^ for /c = 1,2,3 acccordingly) such that / = {f\P), f is 0(3), p 
is 0(2), g is 0(4), and such that the following additional conditions are satisfied. 
If (M, 0) is of the form (A.i.l) or (A.i.3), then the constant terms in the following 
formal series vanish 



(9.1.6) 



-r^ , Re ^ 1 , -r^. 
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If (M, 0) is of the form (A.i.2), then the constant terms in the following series vanish 

d2p gSfl g3fl g3fj 



(9.1.7) 



dzkdw ' dzl^ ' dz'^dw ' dzkdw"^ 
Re 



dzf^dw ' dzidw^ 

We decompose (/^, PiQ)-, F, and F' into weighted homogeneous parts as follows 



P{z,w) = ^fl{z,w) , f{z,w) = '^fl{z,w) , g{z,w) ^^g„{z,w) 

i/=3 v—2 i^=4 

OO CXD 

F{z,z,s) = ^F^{z,z,s) , F'{z,z,s) = ^Fl{z,z,s). 

Recall here that z and z are assigned the weight one, w and s are assigned the 
weight two, and we say that e.g. F^{z, z, s) is weighted homogeneous of degree v if 
for alH > 

F^{tz, tz, t^s) = f'F^iz, z, s). 

The formal power scries F, F' E J-" (recall, from §3, the notation JF for the space of 
real power series with terms of weighted degree at least 4) are related as follows 

9iz,s + i(l)) = \ f^{z, s + i(f))\'^ + p3(f(z, s + i(l))J{z, s - i(f))) 

(9.1.8) 

+ F{f{z, s + i(t)), f{z, s - i(p),Re g{z, s + 

where 

(9.1.9) (j) = (j){z,z,s) = \zi\^ +P3{z,z) + F{z,z,s). 
Identifying terms of weighted degree > 4 we obtain 



(9.1.10) + Im = + +p^^^X_^+p^ ,J^_^ + + . . . , 

where 

F^ = F,,(z,z,s) , Fl = Fl{z,z,s + i\zif) 
(9-1-11) , . dps, . 

P3,Z2 ^P3,Z2{Z,Z) = ^(^'^) 



(9.1.12) /3_i = /3-i(^,s-z|^iP) , fl-i = f'-i{z,s + i\z,\^) , etc, 

and where the dots . . . signify terms that only involve F^, F^, g^, and /^_2 

ioT ij, < u. Noting that 



(9.1.13) P3,Z2 (Z, Z) = P3,Z2 {Z, Z) 

we can write this as 
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Let US define the linear operator 

(9.1.15) L{f\f,g) = -R^ {i9 + '^z,f + '2p3,zj%z,s+i\z^n 

from the space Q to the space .F, where Q denotes the space of formal power series 
(in {z, w)) transformations {f^, g) such that is 0(3), is 0(2), and g is 0(4). 
Observe that L maps (/^-i, fl-2^9v) to a series that is weighted homogeneous of 
degree v. We note, as in [CM], that if we could find subspaces 

(9.1.16) Go^g , N dJ" 
such that, for any F e J^, the equation 

(9.1.17) L{f\f,g) = F raodU 

has a unique solution {f^ , P ,g) G then, given any F' G JF, the equation (9.1.14) 
would allow us to inductively determine the weighted homogeneous parts F^, of a 
normal form F e and the weighted homogeneous parts (/3-i, fu-2^9f) of the 
transformation {f^i P-^g) G Qq to normal form in a unique fashion. (This can also 
be formulated as saying that Qq and H are complementary subspaces of the kernel 
and range of L, respectively). 

Let us therefore define Qq C Q^ for n = 1, 2, 3, as those (/^, g) E Q for which 
the constant terms, in the series (9.1.6) if n = 1,2 or in the series (9.1.7) if n = 2, 
vanish. Combining all that is said above, we find that the proof of Theorem B will 
be complete if we prove the following. 

Lemma 9.1.18. Suppose the equation (9.1.2) is of the form (A.i.n) for some n = 
1,2,3. Let Qq C Q be as described above and H'^ as defined in §3. Then, for any 
F ^ T , the equation 

(9.1.19) L{f\f\g) = F modA^- 

has a unique solution (/^, f'^.g) G Qq. 

Proof. The proof is based on decomposing the equation (9.1.19) according to type. 
Recall that a function Gki{z, z, s) has type {k, I) if, for any ti,t2 > 0, the following 
holds 

GklitlZ, t2Z, s) = t^t2Gki{z, z, s). 
We decompose F & T according to type 

(9.1.20) F{z,z,s) = Y,Fkl{z,z,s). 

k,l 

We also decompose (/^, f^,g) E Q as follows (j = 1, 2) 

(9.1.21) f^{z,w) = J2fii^^^) > g{z,w) = J29k{z,w), 

k k 

where ff,{z,w), gk{z,w) are homogeneous of degree k in z, e.g. 



/n 1 oo^ 
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The reader should observe that this redefines e.g. g2{z,w) which, previously, de- 
noted the weighted homogeneous part of degree 2 in g{z,w). However, in what 
follows we shall not need the decomposition into weighted homogeneous terms and, 
hence, the above notation should cause no confusion; for the remainder of this pa- 
per, e.g. 5^2 w) means the part of g{zj w) which is homogeneous of degree 2 in z, 
etc. For brevity, we also use the following notation (as in [CM]) 

(9.1.23) f'{z,w) = ^{z,w),..., f^^\z,w) = ^{z,w),.... 

We will also use the fact 

i^ZlZl)^ 



(9.1.24) f{z,s + i\z,\^) = f{z,s + iz^z,) = ^/('")(z,s)- 



m 



We shall identify terms of type (/c, /) in (9.1.19). Since the equation is real, it suffices 
to consider types where k > I. Also, note that for (/c, /) such that M^i — J-'ki the 
equation (9.1.19) is trivially satisfied. (We use the obvious notation; e.g. J^kl are 
the elements in that are of type {k, I), etc.) We will need to decompose p^^z^ i^i ^) 
according to type. We use the notation pn for the part of ^3,22 which is of type 
(1, 1) and P02 for the part which is if type (0, 2). Thus, 



(9.1.25) ps^z^{z,z) = pniz,z) +po2iz,z) , ps^z^{z, z) = pn{z, z) + po2{z, z). 



Here, the cases (A.i.l) and (A.i.3) differ from (A.i.2) in the respect that p\i{z, z) = 
in the latter case whereas pii{z,z) ^ in the first two. This fact makes the 
normal form for (A.i.2) different from the normal forms for (A.i.l) and (A.i.3). The 
conclusion of the proof will therefore be carried out in two versions, one for (A.i.l), 
(A.i.3) and one for (A.i.2). 

9.2. Conclusion of the proof of Lemma 9.1.18; the cases (A.i.l) and 
(A.i.3). In what follows, we use the notation 



(9.2.1) Fki = Fki{z,z,s) , gk^gk{z,s) , gk^gk{z,s) , etc. 



Collecting terms of equal type in (9.1.19), we obtain the following decoupled systems 
of differential equations, for A; > 3, 



(9.2.2) 



2^fe = Fko 



f? - ^Fu... mod Af^ 
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where n = 1, 3 according to whether the type is (A.i.l) or (A.i.3), and 
(9.2.3) 



zifs +Piifi - izizipo^ifo) 



Ftk^ mod N'. 



— -^31 



31 



(9.2.4) 



^1/0 + = ^10 

-py ZiZi 



-^z^^z^if^y + zj^ + Piif? +mff - -^9[ = F21 mod M 



■n 
21 



2\l 



■ 2 -2 

+P02/|-^^1^1P5^(®'-^^1 =i^32 modAAT^ 

-Im go = Fqo 

2Re {zifD + 2Re (puf^) - ziZiRe g'o = Fn mod Af^ 
2z^z^Im (pn(/o')') -2Re (P02/I) 

2 —2 

-2^1 ^ilm (ziiflY) + ^0 = F22 mod ^^"2 

(^^^ly/) _ ^2-2j^^ (pn(/o')") 

3 —3 

-2^i^ilm (po2(/|)0 + < = F33 mod ATg". 



(9.2.5) 



Solving (9.2.2) is easy. Substitute gk in the second equation 
(9.2.6) z,fl+, +pn/2 = + . . . mod 

where . . . signifies known terms whose precise form is not important since we are 
solving m.odAf^_^i 1 (i^ ^^^^ though, ... is easy to compute). Now, when n = 1 
we have 



(9.2.7) 



and when n — 3 



Pll{z,z) = 2Z2Z2 



(9.2.8) Pii(2;,2;) = 2;l2;2• 

Thus, in both cases we can find f^j^i and /| uniquely by decomposing the right 
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is 1 or 2 according to whether n is 1 or 3, we can only solve (9.2.6) if M^j^^ ^ is o. 
complemetary subspace of those -Ffc+i,i £ J^k+i,i that are of the form 

(9.2.9) Fk+1,1 = ^iCfc+i.o + Z2ZjHkQ. 

Clearly, jV^_|_i i described in (3.25) is such a subspace. Hence, (9.2.6) can be solved 
uniquely for fl_^i, /|, and gk, for all A; > 3. 

We proceed to solve (9.2.3). Solve for g2 in the first equation and substitute 
the result in the last two. Noting in the third equation that the terms involving /q 
cancel and that the function /I is known from the previous step, this third equation 
equation becomes 

(9.2.10) izizl{f^y + iziz^Pii{f^y = F^2 + ... modAC^- 

As above, the fact that pn is divisible by Z2 implies that (9.2.10) determines 
uniquely (/s)' and (/I)'- Thus, /3 and /| are uniquely determined given a choice 
of 

(9.2.11) f^{z,0) , /|(^,0). 

Since (-2, 0) and /K^;, 0) denote the parts of f^{z, 0) and P{z, 0) that are homo- 
geneous of degrees 3 and 2, respectively, the choice in (9.2.11) amounts to a choice 
of constant terms in the series 

where a ranges over all multi-indices with |q!| = 2 and (3 over those with = 3. 
Thus, /3 and /| are uniquely determined by the condition that {f^,f'^,g) G Qq. 
In order for (9.2.10) to be satisfied with this choice of and /|, A/42 has to be 
complementary to those -F42 G .^-42 that are of the form described by the left hand 
side of (9.2.10). It is straightforward to verify that A/"^ described by (3.24) is such. 
Substitute and /| so obtained in the second equation. We obtain 

(9.2.13) izizimifl)' = F3i + ... modA/'g^i. 

This determines /q uniquely since the constant term in the series must be 0. 
Also, it is easy to verify, using the fact that 

Pmiz, z) = Zo + 72;? , if n = 1 

(9.2.14) yo2y^j ^ 2 r 1 , 

P02iz, z) = Z1Z2 , ifn = 3, 

that then (9.2.13) is satisfied if ATg^^ is defined by (3.22). 

Next, we turn to the system (9.2.4). Solve for gi in the first equation and 
substitute into the last two. Then differentiate the second equation, multiply it by 
iziZi, and subtract from the third equation. We obtain, noting that the series /I 
was determined from the system (9.2.2), 
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Using (9.2.14), we deduce that (9.2.15) uniquely determines since the constant 
term in df'^/dzj must be for j = 1,2. Then, the same equation determines /q 
uniquely; the constant terms in and df^/dw must be 0. With and /q defined 
this way, (9.2.15) is satisfied if is defined by (3.23). Now, substitute the series 
so obtained back into the second equation and find 

(9.2.16) zJ^ = F2i + ... modjVs'i. 

This determines /2 uniquely, and (9.2.16) is satified with AT^i defined by (3.21). 

The last step is to solve the system of equations (9.2.5). Substituting the first 
equation in the third and observing that /q and /| have already been determined, 
we obtain the following 

(9.2.17) -2^i^ilm {z.iflY) ^ F22 + ■ ■ ■ mod Af^^- 
Now, the series fl can be written 

(9.2.18) fl{z, s) = ai{s)zi + 02(5)^2 
and, hence, 

I I 

(9.2.19) Im (^i(/i)0 = Im a[ziZi + —02^2^1 - 77702^1^2. 

Zi Zi 

It follows that Im ai and 02 can be uniquely determined from (9.2.17), since the 
constant terms in Im ai and a2 are 0. Also, the equation (9.2.17) is satisfied if 
J\f22 is defined as in (3.21). Next, differentiate the second equation of (9.2.5) twice, 
multiply by zlzf/Q, and add to the fourth. We obtain 

(9.2.20) -^Re (^i(A^)") = ^33 + ... mod A^^s- 
Using (9.1.18), we can write 

(9.2.21) Re (ziifl)") = Re a'lziz^ + ^a'^Z2Zi + ^^2:1^2. 

Hence, (9.2.20) determines Re ai uniquely, with a choice of constant term in Re a'l, 
and (9.2.20) is then satisfied if A/33 is ^s defined as in (3.21). We conclude that 
is uniquely determined with a choice of constant term in 

(9.2.22) Re 



dz\dw 



Hence, fl is uniquely determined by the condition {f^iP,g) G Qq. Substituting 
back into the second equation, we obtain 

(9.2.23) -^i^iRe ^0 = ^11 + • • • modA/^n. 

We deduce that Re is uniquely determined, since the constant term in Re qq 
must be 0, and (9.2.23) is satisfied if A/"{\ is given by (3.21). This completes the 

c T n 1 1 o ;„ „ / A ; „^ „ i — o 
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9.3. Conclusion of the proof of Lemma 9.1.18; the case (A.i.2). The main 
difference between this situation and the previous one is, as aheady mentioned 
above, that pn = 0. This imphes e.g. that the system (9.2.2) does not involve 
/|, the system (9.2.3) does not involve /|. Consequently, we have to add more 
equations. We shall add the following equations that arise from (9.1.19); in what 
follows, since we are now dealing with just one case, we shall make the replacement 

(9.3.1) po2{z,z) = zl 
To the system (9.2.2), we add the equation 

(9.3.2) izizlUl^,)' + zlfl^^ - '-^g'l = mod ^4^2,1, 
for /c > 3. To the system (9.2.3) we add 



(9.3.3) -^(/3^)" + izrzUfly + '^{f^r + 4f = F,s mod ^^^3. 



To the systems (9.2.4) and (9.2.5), we add respectively 
(9.3.4) 

^l^l/f-lv' L 1 1 /' -PlV" _L ^--^ ^3/ (■2V 



■(/2^)" + -^(/0^r + ^^l^f(/3')' 



2 wi/ 12 

q ^3 ^4 ^4 ^2 ^4 

'•^1^1 ( fly I zlzLf fi\W _ 11 ( f'^y 



(9.3.5) 



+ '^(1!)"' + '^gi'^ = F54 mod Afi,. 

^Im (zMY") - zlz',Re (z?(/|)") - ^Im g^'^ = F44 mod Afi, 

4|^Re {-z.ifir^) + ^Im {zlifiy") ' g^'^ = F55 mod Mi,. 

The systems of differential equations so obtained (by adding the above to the sys- 
tems in §9.2) can be solved if we define the space jV^ as in §3, and the solution 
{f^i f^i9) is unique if we require it to be in Qq as defined in the paragraph preced- 
ing Lemma 9.1.18. The proof of this proceeds along the same lines as the proof in 
the previous section although, due to the fact that these systems have more equa- 
tions, the calculations become a bit more tedious. The modifications, however, are 
straightforward and the details are left to the reader. As mentioned above, this 
also completes the proof of Theorem B. □ 
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